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Abstract
In this paper, we determine thermodynamical quantities for one kind of higher dimensional
black holes. We take two charged and neutral blackfold which are higher dimension. We
investigate the thermodynamical properties of such black hole at near horizon. By expanding
those metrics around horizon, considering periodicity condition of imaginary time and applying
some thermodynamical constraints, we extract stress energy tensor of blackfolds. We compare
the thermodynamical properties of charged and neutral blackfold. We see here that the stress
energy tensor of charged blackfold has brane-tension component in addition to thermal properties.
Then by knowing that the spacetime of neutral blackfold is Ricci-flat and there is a nice relation
between Ricci-flat and AdS spacetimes we determine the AdS form of Ricci-flat. Also we calculate
the corresponding temperature which is satisfied by our previous calculation. Finally, we check
the phase transition of blackfolds and show that there is not any critical point for them. So, the
thermodynamical stability of both blackfolds will be proven, this result agree with Ref [9].
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time; Stabilities.
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I. INTRODUCTION
The investigation of stress energy tensor in hydrodynamics and fluid dynamical theories
is very familiar and interesting for physicists. The role and appearance of this quantity in
high energy physics is one of the most intriguing concepts which attracts much attentions.
In curved spacetime and consequently in higher dimension paradigm, stress energy tensor
is a local quantity (in contrast to the flat spacetime quantum field theory which has global
physical quantities).
On the other hand in literature, it is nicely proved that Einstein’s field equations could be
written as a thermodynamical equation for the four dimensional spherically symmetric static
and stationary spacetimes and also axisymmetric cases at the near horizon region. So the
temperature, entropy, pressure and energy density of the black holes could be determined.
This method shows elegantly that black hole’s horizon is a thermodynamical system.
In high energy physics and in string theory the existence of spacetimes with dimensions
higher than four is predicted. These spacetimes have new properties and require some new
tools to work on. Using similar known techniques and definitions in 4-dimensional black
holes, thermodynamical quantities of higher dimensional black holes have been determined
by some nice methods [1–5]. Reviewing the methods discussed above, we extend the near
horizon method to the blackfolds as new higher dimensional objects.
Extracting stress energy tensor by variation of action is the standard method which gives
that tensor directly. At the other hand, the gravitational theory in d+1 dimensions will be
corresponded to a statistical mechanics if the (d+1)’th dimension be periodic. After some
computations, the temperature of the blackfold will be obtained. The entropy, pressure and
energy density of blackfolds will be extracted. Also for the case of charged blackfold we
calculate the charge and chemical potential. The thermal properties of such blackfolds help
us to obtain the stress tensor of the charged and neutral blackfold. As we know the metric of
the neutral blackfold is Ricci-flat and recently an interesting connection has been established
between AdS and Ricci-flat spacetimes [6, 7] and also the AdS form of the blackfold will
be reproduced. We note here that in the charged case the corresponding metric can not be
transform to the AdS form because it is not Ricci-flat. So the stress energy tensor for the
given metric is extracted just by the method of near horizon expansion.
The paper is organized as follows. In the next section some properties and metrics of
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charged and neutral blackfolds have been reviewed. In section 3 the near horizon expansion
of charged blackfold will be present. Then by choosing variable and changing the metric
as the form of Euclidian metric and applying periodicity condition of imaginary time, we
have obtained temperature of the charged blackfold. By using thermodynamical relations
we determine charge, chemical potential, pressure, entropy and energy density. At the end
of this section we use the thermal properties and show the form of charged blackfol’s stress
energy tensor and discuses the general corresponding properties. In section 4 we repeat all
the previous calculation for the neutral black fold. In addition to the above results, the
AdS form of this Ricci-flat spacetime lead us to obtain temperature again, and explain the
corresponding results. In section 5 we try to realize and check the phase transition of both
cases[8] and show that the stability condition completely agree with ref [9]. In the final
section we conclude and note some points.
II. GENERAL PROPERTIES OF BLACKFOLDS
In high energy physics and string theory, introducing new dimensions (more than four)
often solves some fundamental problems. Extensions of Schwarzschild black hole to higher
dimensions by Kaluza-Klein theory and introducing one or more spatial extra dimensions
is a simple example with interesting properties [10]. If the worldvolume of a black p-brane
bent into the shape of a compact hypersurface, for instance that of a torus or a sphere, many
new geometries and topologies of black hole horizon would obtain. As we know the effective
theory of the corresponding worldvolume comes with following expressions: I- Worldvolume
of black brane is not exactly flat, II- Worldvolume is not in stationary equilibrium, III-
Deviation from the flat stationary black brane be on scales much longer than the brane
thickness. Black branes whose worldvolume is bent into the shape of a submanifold of
a background spacetime have been named blackfolds [11–14]. Blackfolds have two length
scales which are given by,
lM ∼ (GM)1/D−3 , lJ ∼ J
M
. (1)
In case which lJ ≫ lM , this separation suggests an effective description of long wavelength
dynamics.
In supergravity and low energy limit of string theory, black branes have charges. One of
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the best choices is black p-branes that carry charges of Ramond-Ramond field strength type
F(p+2). The charged dilatonic black p-brane solution of action in D = n + p + 3 spacetime
dimension is,
I =
1
16πG
∫
dxD
√−g(R− 1
2
(∂φ)2 − 1
2(p+ 2)!
eaφF 2(p+2)), (2)
where
a2 =
4
N
− 2(p+ 1)n
D − 2 , n = D − p− 3. (3)
The flat black p-brane solution reads,
ds2 = H
−Nn
D−2 (−fdt2 +
∑
i=1
p
dzi
2) +H
N(p+1)
D−2 (f−1dr2 + r2dΩ2n+1), (4)
e2φ = HaN , Ap+1 =
√
N cothα(H−1 − 1)dt ∧ dz1 ∧ dz2... ∧ dzp,
H = 1 +
r0
n sinh2 α
rn
, f = 1− r0
n
rn
.
(5)
where sinhα is related to the boost of the blackfold which is a Lorentz transformation of
some of directions of p-brane. As a2 ≥ 0, the parameter N is not arbitrary,
N ≤ 2( 1
n
+
1
p + 1
). (6)
In string/M theory, N is an integer up to 3 (when p ≥ 1)that corresponds to the number
of different types of branes in an intersection.
As mentioned before, blackfolds can have lM
lJ
→ 0, so that a flat black brane could be
produced. The effective theory describes the collective dynamics of a black p-brane, the
geometry is given by,
ds2p−brane = −(1− r0
n
rn
)dt2 +
p∑
i=1
dzi
2 + (1− r0
n
rn
)
−1
dr2 + r2dΩ2n+1, (7)
where r0 is the thickness of the horizon. Here (p + 1) coordinates are on the worldvolume
of the blackfold and (D − p− 1) coordinates are transverse directions to the worldvolume.
For isotropic worldvolume theory, in case of lowest derivative order the stress tensor will
be same as the isotropic perfect fluid, which is given by,
T ab = (ε+ p)uaub + pγab, (8)
where ε and p are the energy densityis and pressure respectively.
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III. NEAR HORIZON EXPANSION OF CHARGED BLACKFOLDS
In this section we work on thermal properties of charged blackfold and try to find it’s
stress energy tensor. For the case of charged dilatonic blackfold the metric is,
ds2p−brane = Adt
2 +Bdzi
2 + Cdr2 + Fαdψ
2
α, (9)
and
A = −(1 + r0
n sinh2 α
rn
)
−Nn
D−2 (1− r0
n
rn
),
B = (1 +
r0
n sinh2 α
rn
)
−Nn
D−2 ,
C = (1 +
r0
n sinh2 α
rn
)
N(p+1)
D−2 (1− r0
n
rn
)−1,
Fα = Fα(r, ψα).
(10)
In this method we must expand the metric around horizon; r → r0 + u and u≪ r0;
lim
r→r0+u
(1− r0
n
rn
) =
nu
r0
, (11)
so the metric takes the following form,
ds2 = − (1 + sinh2 α)−n8 nu
r0
dt2 + (1 + sinh2 α)−
n
8 dzi
2 + (1 + sinh2 α)
8−n
8
r0
nu
du2
+ (1 + sinh2 α)
8−n
8 r20dΩ
2
n+1. (12)
If the (d+1)’th dimension be periodic, the Euclidian gravitational theory in d+1 dimensions
will be equivalent to statistical mechanics in d dimensions [15], so we take,
dr2 → du2, t = τ → −it, (13)
and by changing the variable as,
du2
u
= dρ2, → ρ = 2√u, (14)
one can obtain,
ds2 = (1 + sinh2 α)
8−n
8
r0
n
{
(1 + sinh2 α)−1
n2ρ2
4r20
dτ 2 + dρ2
}
+ (1 + sinh2 α)−
n
8 dzi
2
+ (1 + sinh2 α)
8−n
8 r20dΩ
2
n+1, (15)
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Now we consider the variable θ = (1 + sinh2 α)−
1
2
n
2r0
τ , it must obey the periodicity
condition,
τ → τ + β ⇒ (1+ sinh2 α)− 12 n
2r0
τ → (1 + sinh2 α)− 12 n
2r0
τ + (1+ sinh2 α)−
1
2
n
2r0
β, (16)
θ → θ + 2π ⇒ (1 + sinh2 α)− 12 n
2r0
τ → (1 + sinh2 α)− 12 n
2r0
τ + 2π, (17)
so the temperature of blackfold takes the following form,
T =
1
β
=
n
4πr0
(1 + sinh2 α)−
1
2 . (18)
This result is exactly the temperature which could be obtained by Hawking temperature
relation.
We can obtain the Bekenestein-Hawking identification between horizon area and entropy
by compactifying the p directions along the brane with any given point on worldvolume.
This help us to determine the entropy of blackfold. Thus the entropy density s will be
following form,
s =
A
4G
=
(1 + sinh2 α)
1
2
4G
r
(n+1)
0 Ωn+1, (19)
The chemical potential of charged blackfold could be obtained by the difference between
potential at the horizon and the potential at the r →∞. So,
Φp = A(p+1) |∞ −A(p+1) |r0= tanhα, (20)
The electric charge would be considered as the measure of electric charge at infinity. As
F(p+2) is the background strength field which couples with charge of blackfold we have,
Q =
1
8πG(p+ 2)!
∮
e−2aφF µ1...µp+2dsµ1...µp+2, (21)
by integration on hypersurface Sn+1 × IRp on r →∞ the density of electric charge will be,
Q =
Ωn+1
16πG
nrn0 sinhαcoshα, (22)
Now we can determine P as,
dP = sdT − ΦdQ , P = − Ωn+1
16πG
rn0 (1 + nsinh
2α), (23)
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and by using dε = Tds+ ΦdQ the energy density is,
ε =
Ωn+1
16πG
rn01 + n(1 + sinh
2α), (24)
Here also the eqs.(18-24) give us opportunity to obtain the corresponding stress energy
tensor. So the stress energy tensor of chrged blackfold takes the following form
Tab = (ǫ+ P )uaub + Pηab, (25)
Tab =
Ωn+1r
n
0
16πG
(nuaub − ηab)− Ωn+1r
n
0
16πG
sinh2αηab. (26)
Tab =
Ωn+1r
n
0
16πG
(nuaub − ηab)− ΦpQpηab. (27)
this result shows that in charged blackfold we have brane-tension component in addition to
thermal properties.
IV. NEAR HORIZON EXPANSION OF NEUTRAL BLACKFOLD
Now we are going to study the neutral blackfold and obtain the thermal properties. The
thermal properties help us to arrange the stress energy tensor. In order to do such processes
we consider appropriate metric which is given by,
ds2p−brane = −(1− r0
n
rn
)dt2 +
p∑
i=1
dzi
2 + (1− r0
n
rn
)
−1
dr2 + r2dΩ2n+1. (28)
In this method we must expand the metric around the horizon, so by considering r →
r0 + u and u≪ r0, so the metric takes the following form,
ds2p−brane = −(nu
r0
)dt2 +
p∑
i=1
dzi
2 +
r0
nu
du2 + r0
2dΩ2n+1, (29)
as we have done in the previous section, the Euclidian spacetime could be given by,
dr2 → du2, t = τ → −it, (30)
so,
ds2p−brane = −(nu
r0
)dτ 2 +
p∑
i=1
dzi
2 +
r0
nu
du2 + r0
2dΩ2n+1, (31)
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again by changing the variables,
du2
u
= dρ2, → ρ = 2√u, (32)
then
ds2p−brane =
r0
n
{n
2ρ2
4r02
dτ 2 + dρ2}+
p∑
i=1
dzi
2 + r0
2dΩ2n+1, (33)
by taking θ = nτ
2r0
we can rewrite,
ds2p−brane =
r0
n
{ρ2dθ2 + dρ2}+
p∑
i=1
dzi
2 + r0
2dΩ2n+1, (34)
as we can take the following,
τ → τ + β ⇒ n
2r0
τ → n
2r0
τ +
n
2r0
β, (35)
and
θ→ θ + 2π, (36)
so one can easily find
n
2r0
β = 2π , T =
1
β
⇒ T = n
4r0π
. (37)
which is the temperature which can be extracted from Hawking temperature relation. Now
we can determine entropy by Bekenestein-Hawking identification as follows,
s =
A
4G
=
rn+10 Ωn+1
4G
. (38)
After finding s we can determine P as,
P = −Ωn+1r
n
0
16πG
, (39)
and by using dε = Tds the energy density is,
ε =
Ωn+1
16πG
rn0 , (40)
So obviously we prove that the following thermodynamic relations satisfied by the above
thermodynamical quantity.
ε+ P = Ts. (41)
then
Tab =
Ωn+1r
n
0
16πG
(nuaub − ηab). (42)
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We have exactly found the stress tensor as we expected. This tensor is conserved and
traceless. It can be obtained from an ADM-type prescription [16],or equivalently, from
the Brown-York quasilocal stress-energy tensor [17]. the equation (42), based on general
covariance for the intrinsic fluctuations, obeys the relation
DaT
ab = 0, (43)
where Da is the covariant derivative for the worldvolume metric [12]. Since the extracted
stress tensor could be regarded as the stress energy tensor of a perfect fluid, the above
constraint is hydrodynamic Euler equation.
Now by using the method of AdS/Ricci-flat correspondence the AdS form of the neutral
blackfold can be reproduced [18],
ds2Λ = − 1
r2
(1− r
d
r0d
)dt2 +
1
r2
(dzi
2 + d~y2) +
1
r2(1− rd
r0d
)
dr2. (44)
By expanding this metric near horizon and using the same method we will arrive at,
T =
−d
4πr0
, (45)
We explain here when we transform from Ricci-flat to AdS we must change n→ −d.
Surprisingly we can see that although the entropy and temperature of charged blackfold
differ from neutral blackfold, the concluded stress tensor takes the same form as the charged
blackfold. This proves that expansion of charged and neutral blackfold near horizon takes
the same local distribution of energy. It arises from effective description of blackfolds and
compactifing of some directions.
V. PHASE TRANSITION AND STABILITY
One of the obvious question about black holes is about it’s thermodynamical stability.
For checking that there are some methods which proves their thermodynamical stability.
In some kind of black holes they have phase transition which occur when black hole has
critical point. It is interesting to check the thermodynamical stability of our two charged
and neutral blackfold. In order to do that we should find some critical points. Generally
we know that The critical point occurs when P has an inflection point which is given by
9
applying the below equation on the pressure of two system. One can obtain the following
condition,
∂P
∂r0
|T=Tc,r0=rc =
∂2P
∂2r0
|T=Tc,r0=rc = 0. (46)
We applied the critical condition in eq.(42) for two blackfolds. In that cases we see the
results will be same, so one can obtain following following,
∂P
∂r0
|T=Tc,r0=rc = −
nΩn+1r
n−1
0
16πG
= 0 (47)
So we do not have any phase transition. The obtained results show that charged and
neutral blackfold are thermodynamically stable as we expected.
VI. CONCLUSION AND OUTLOOK
We calculated the temperature, entropy,chemical potential, charge, pressure, energy den-
sity and stress energy tensor for charged and neutral blackfold by near horizon expansion.
It is the familiar method that uses for spherically symmetric and axisymmetric four dimen-
sional black holes. As the calculation shows, the temperature increase by increasing n and
depends inversely by the thickness of the horizon. But charge, entropy, pressure and energy
density depend directly to the thickness of horizon. The chemical potential which is prop-
erties of charged blackfold depends on α which arises because of electric charge. The given
results confirm the results of other literature.
As we know the neutral blackfold is Ricci-flat and we reproduced the AdS form of that.
Then we calculate the temperature of that AdS blackfold. It proves that the stress tensor is
exactly the stress tensor of the Ricci-flat form by the related transformation. Dependency
of temperature to n shows the great influence of topology of blackfold to thermodynamical
properties. Finally we checked the phase transition and found that there is not any phase
transition and proves both blackfolds are thermodynamically stable.
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